We explore the quantum chaos of the coadjoint orbit action. We study quantum fluctuation around a saddle point to evaluate the soft mode contribution to the out-of-time-ordered correlator. We show that the stability condition of the semi-classical analysis of the coadjoint orbit found in [1] leads to the upper bound on the Lyapunov exponent which is identical to the bound on chaos proven in [2] . The bound is saturated by the coadjoint orbit Diff(S 1 )/SL(2) while the other stable orbit Diff(S 1 )/U (1) where the SL(2, R) is broken to U (1) has non-maximal Lyapunov exponent.
1. Introduction. Chaos is a ubiquitous phenomenon observed in the nature. One way to diagnose the chaos is the butterfly effect which is known as the sensitivity of the system on the initial condition. In quantum system, this can be quantified by a thermal expectation value of the square of the commutator of two operators V (t) and W (0). This measures the sensitivity of the operator V (t) at time t on the initial perturbation W (0) at time t = 0 [3] . In chaotic system, this is expected to grow exponentially in time t. This exponential growth comes from the out-of-time-ordered correlator (OTOC)
which is one of terms in the expansion of the square of the commutator. Here, β = T −1 is the inverse of the temperature. We normalize the OTOC by the leading disconnected diagrams V (t)V (t) β W (0)W (0) β which is independent of time by time translational symmetry. The normalized OTOC of the chaotic system behaves as follow [3] .
where ε is proportional to the inverse of the central charge c [27] , and accordingly it is proportional to the Newton constant G in the dual gravity. In early time, the OTOC is almost constant. As time passes, one can observe the exponential growth in the OTOC [28] , and its growth ratio λ L is called Lyapunov exponent. [2] proved that the Lyapunov exponent of any QFT with basic constraints (e.g., unitarity and causality) is bounded:
This bound implies the existence of maximally chaotic system. It was shown that the SYK model [4] [5] [6] [7] [8] , the tensor model [9] , the 2D dilaton gravity on nearly-AdS 2 [10] and string worldsheet theories [11] are maximally chaotic. By recovering all dimensionful parameters, the maximum value of Lyapunov exponent becomes 2πk B β , and it diverges in the classical limit. For this reason, (3) can be viewed as the bound on quantum chaos.
In this paper, we will show that the bound on quantum chaos can also be derived from the stability of semiclassical analysis of Schwarzian theory. Unlike [2] of which the proof of the bound on chaos is valid for any QFT with unitarity and causality, our discussion is restricted to the Schwarzian theory and is not as general as that of [2] . Nevertheless, our analysis provides a very simple physical argument for the bound, which would reveal the underlying physical meaning of the bound on chaos.
2. Schwarzian Theory and Coadjoint Orbit Action. In SYK-like model and 2D dilaton gravity, the reparametrization symmetry along the thermal circle is broken to SL(2, R), which leads to the pseudo-Goldstone boson described by the Schwarzian low energy effective action:
Here, φ(τ ) ∈Diff(S 1 )/SL(2) is a diffeomorphism of the circle modulo SL(2, R). Now, let us consider the case where the reparametrization symmetry is broken to U (1) ⊂ SL(2, R). For example, such a pattern of symmetry breaking has been observed in the generalized SYK-like models in [12] and the 2D dilaton gravity with defects in [13] . For their low energy effective action, one can include not only Schwarzian derivatives but also any possible terms which vanish under the corresponding U (1) mode. Hence, the simplest effective action can be written as
where b 0 is a constant. This is nothing but the timetranslation generator L 0 of a coadjoint orbit φ(τ ) ∈ Diff/H where H is the stabilizer subgroup [1, 14] .
Diff(S 1 )which corresponds to Virasoro group. Here, a is the central charge. The dual vector (b(τ ), c) of the central extension of Diff(S 1 ) can be induced via the inner product defined by
The adjoint representation of φ ∈Diff(S 1 ) on the vector (v(τ ), a) is defined by [1, 14] Ad
Via the inner product in (6), the adjoint representation (7) induces the coadjoint representation on the dual vector (b(τ ), c). In particular, we are interested in a coadjoint orbit of a constant dual vector (b 0 , c) [1, 14] :
Depending on the constant value of b 0 , the stabilizer of the coadjoint representation Ad *
On the other hand, the stabilizer subgroup is SL(2, R) for b 0 = − In large c > 0, one can perform the semi-classical analysis of the Schwarzian action in (5) by studying the quantum fluctuation around the identity diffeomorphism φ(τ ) = τ . [1] showed that the fluctuation at the quadratic level is stable if
Note that this bound is saturated by Diff(S 1 )/SL(2). Otherwise, the coadjoint orbit corresponds to
3. Out-of-time-ordered Correlators. Now, we will evaluate the contribution of the Schwarzian mode to OTOC. As in the SYK-like model or the dilaton gravity on nearly-AdS 2 , we assume that the contribution of the Schwarzian mode dominates the four point OTOC. We first evaluate the contribution of the Schwarzian mode to the Euclidean four point function. Then, we will take analytic continuation to a real-time OTOC.
Propagator of Soft Mode.
In large c, we expand the diffeomorphism φ(τ ) around the identity φ(τ ) = τ :
Here, we define n 0 = 1 or n 0 = 2 for the case of Diff(S 1 )/U (1) or Diff(S 1 )/SL(2), respectively. Note that |n| < n 0 corresponds to the stabilizer subgroup of the coadjoint representation. The soft mode expansion in (10) gives the quadratic action of (5):
From the quadratic action, one can easily read off the propagator of the soft mode n
3.2 Dressed Bi-local Field. In order to evaluate OTOC, one need a "matter" field and its four point function.
In SYK model, the four point function of the fundamental fermion χ i (τ ) (i = 1, 2, · · · , N ) can be studied in terms of a two point function of bi-local field [6, 7] . Also, for the case of the nearly-AdS 2 , [10] evaluated the OTOC by studying the two point function of bi-locals coming from a scalar field in the nearly-AdS 2 . It is also useful to consider a (boundary-to-boundary) Wilson line of the gauge field in SL(2) BF theory for AdS 2 [16] or ChernSimons gravity for AdS 3 [17, 18] . For this, we consider a non-constant background, namely, a small fluctuation around a constant background with (inverse) temperature β. Note that the boundary action of the graviton is found to be Schwarzian action [10, 15, [17] [18] [19] , and the small fluctuation around the constant background corresponds to soft mode expansion n around the saddle point of the Schwarzian action. In order for the contribution of the soft mode n to the four point function, we consider the two point function of the (boundary-toboundary) Wilson lines in the non-constant background which can be understood as the bi-local field dressed by the soft mode [10, 17, 18] .
For the real-time OTOC, we first evaluate the Euclidean correlator with the configuration along the thermal circle
where χ ∈ (−π/2, π/2) (See Figure 1a) [7, 10] . Then, later we will perform the analytic continuation of the Euclidean time χ to a real time t. (14) . Then, we analytic-continue it to real-time OTOC by (23) .
In large c, one can expand the dressed bi-local field with respect to the soft mode n :
where Φ cl (τ 1 , τ 2 ) is the leading term of the soft mode expansion of the dressed bi-local, and it corresponds to the two point function in the constant background. e.g., (2) and Diff(S 1 )/U (1) has U (1) time translational symmetry. From the (center of) time translational symmetry, one can write the first order soft mode expansion in (15) as follow.
where we define the center of time and the relative time by
respectively. Also, note that δ n Φ dressed (τ 1 , τ 2 ) can be obtained from the infinitesimal conformal transformation of two point function because the soft mode generates the conformal transformation.
The soft mode expansion of the dressed bi-locals gives the 1/c contribution of the Schwarzian soft mode to the Euclidean four point function, or equivalently two point function of the dressed bi-locals, in (13) . i.e.,
The soft mode contribution can be written as a contour integral along a collection of small counterclockwise circles centered at ζ ∈ Z/{−1, 0, 1}. By deforming the contour, it can be expressed as the residue at ζ = −1, 0, 1.
Here, we used the configuration in (14) . We will calculate the soft mode contribution for Diff(S 1 )/SL(2) case and Diff(S 1 )/U (1) case, separately. (2) case. For the case of Diff(S 1 )/SL(2), the function f (σ) is found to be [7] f n (σ) = −2ih n cos nσ − sin nσ tan σ .
Diff(S 1 )/SL
where h is the conformal dimension of the matter field. Note that the SL(2, R) invariance of the bi-local fields (e.g., boundary-to-boundary Wilson line or conformal two point function) leads to
Together with the the propagator of soft mode in (12) , the soft mode expansion in (18) can be written as a contour integral as follow [17, 18, 21] .
where the contour C is a collection of small counterclockwise circles around ζ = n (n ∈ Z/{−1, 0, 1}). See Figure 2a . Then, by deforming the contour, one can change it into a sum of residues at ζ = −1, 0, 1 (See Figure 2b ) [7, 10, 17, 18, 20] :
For the real-time OTOC, we perform the analytic continuation of the Euclidean time χ to real time t (See Figure 1b) . i.e.,
The analytic continuation gives the exponential growth with the maximal Lyapunov exponent λ L = 2π β [7, 10, 17, 21] .
where we omit the term does not grow exponentially in time at O(c −1 ) order.
3.3 Diff(S 1 )/U (1) case. We repeat a similar calculation for the Diff(S 1 )/U (1) case where SL(2, R) is broken to U (1). The form of the function f (σ) in (16) might depend on the details of model. Nevertheless, the evaluation of the Lyapunov exponent can be independent of models because the calculation mainly uses the center of time translational symmetry and the structure of poles. In general, the contribution of the soft mode in (18) now includes n = ±1 terms because they do not belong to the stabilizer subgroup for the case of Diff(S 1 )/U (1). Moreover, it might be possible that f n (− π 2 ) = 0 for odd n as in Diff(S 1 )/SL(2). However, one can repeat the same calculation and it does not change the conclusion.
As in the Diff(S 1 )/U (1) case, we express the soft mode contribution as a contour integral
where C is a collection of small counterclockwise circles around ζ ∈ Z/{0}. See Figure 3a . Then, we will deform the contour to pick up the rest of the poles. For this, we need further assumptions on f n (− π 2 ) that the integrand in (25) does not blow up at infinity, at least, for χ ∈ (−δ, δ) with a small positive constant δ. Moreover, we assume that f ±ζ (− 
where we defined P ≡ {0, ± − 24 c b 0 }. Note that the pole at ζ = 0 would be simple pole because the time translational invariance of bi-locals imposes f 0 (σ) = 0. Even if f 0 (σ) = 0, the pole at ζ = 0 does not change the Lyapunov exponent since it gives at most polynomial growth in time at O(c −1 ) order. Therefore, we have
where we define α 0 ≡ − 24 c b 0 for simplicity. Here, the ellipsis represents the contribution of the pole at ζ = 0 which does not grow exponentially after analytic continuation. By the analytic continuation (23) of (27) from Euclidean time to Lorentzian one (See Figure 1b) , the OTOC for Diff(S 1 )/U (1) is found to be
And, the Lyapunov exponent can easily be read off
For b 0 < 0, the bound on b 0 in (9) for stability of the coadjoint orbit [1] in large c leads to
which corresponds to the bound on chaos proven in [2] . For b 0 0, it is easy to see that the Lyapunov exponent is zero i.e., λ L = 0.
4. Discussion. In this work, we have evaluated the Schwarzian soft mode contribution to the OTOC for the case of Diff(S 1 )/SL(2) and Diff(S 1 )/U (1). We have showed that the stability of the coadjoint orbit found in [1] leads to the bound of chaos proven in [2] . While this bound is saturated by Diff(S 1 )/SL(2), the coadjoint orbit Diff(S 1 )/U (1) where the SL(2, R) is broken to U (1) is not maximally chaotic. i.e., λ L < 2π/β.
The decrease of the Lyapunov exponent has been observed in the generalized SYK-like models exhibiting the transition from chaotic phase to non-chaotic phase (or, from non-Fermi liquid phase to Fermi liquid phase) [12, 22] . The underlying mechanism for the decreased Lyapunov exponent in those models is the broken SL(2, R) symmetry to U (1) [12] [29]. Furthermore, [13] studied the 2D dilaton gravity with defects where the SL(2, R) symmetry of AdS 2 background is broken to U (1) due to the defect. Hence, in this case one can also expect that the Lyapunov exponent does not sat-urate the bound (if the Schwarzian soft mode contribution dominates OTOC). In addition, this broken SL(2, R) symmetry would essentially be responsible for the phase transition of the coupled SYK-like models dual to the traversable wormhole [23] where the phase transition is triggered by a similar (non-local) quadratic interactions.
In general, if the SL(2, R) of a saddle point is broken to U (1), all possible terms which vanish under U (1) mode can appear in the effective action. For example, the simplest effective action can be written as
where κ 1 and κ 2 are constants to be determined. In large c, the stability of the semi-classical analysis, or equivalently, the chaos bound requires
From the Lyapunov exponent in (29) together with stability bound in (9), one can also conclude that the instability of the coadjoint orbit action could lead to the violation of the bound on chaos. i.e., λ L > 2π/β. An analogous phenomenon has been observed in the higher spin gravity [18, 24] and the Fishnet model [25] . The SL(N ) Chern-Simons higher spin gravity has finite numbers of higher spin fields (spin s = 2, 3, · · · , N ), and it is nonunitary. The Lyapunov exponent is found to be 2π β (N −1) which violates the bound on chaos for N > 2. Moreover, the mass deformation of the Fishnet model destroys the integrability, but the Feynman diagrams are still simple. In this case, [25] showed that the Lyapunov exponent can exceed 2π/β in the large 'tHooft limit, which the nonunitarity of the Fishnet model is also responsible for.
It is interesting to explore the role of the stability in the context of "pole skipping" phenomenon [26] . The poleskipping, which is universal in two-dimensional CFT, can determine the Lyapunov exponent [26] . Therefore, one might be able to find a connection between the (in)stability of hydrodynamics and the bound on chaos via the pole-skipping. Furthermore, this might suggest a universal framework to understand how the (in)stability of hydrodynamical effective action leads to the bound on chaos in higher dimensional CFT. Beyond the scrambling time, the 1/N perturbation will break down.
[29] I would like to thank Frank Ferrari for pointing out this and for thorough discussions.
